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1.  Introduction 


Before  introducing  and  discussing  our  results,  let  us  introduce  some  notation 
and  definitions  which  are  used  throughout  the  paper.  (T,A,m)  denotes  an  atomless 
separable  o-finite  measure  space  and  (Q,F,P)  a  probability  space. 

W  =  {W(A):  A  c  Aq}  is  a  white  noise  random  measure  on  A^  =  {A  <r  A:  m(A)  < 
with  control  measure  ra,  i.e.  W  is  a  mean-zero  Gaussian  stochastic  process  in¬ 
dexed  by  sets  from  A^  and  with  covariance  function  EW(A)W(B)  =  m(AnB) . 

L  =  {"'(t):  t  e  T}  is  a  measurable  real  valued  stochastic  process  such  that 


/  E|£(t) |2m(dt)  <  ». 

T 


Let  ({i  }  be  a  CONS  in  (real)  L  (T)  and 


a  =  a  (u .)  =  /  c,(t,u))<p  (t)m(dt). 
n  n  J  n 


Clearly 

5(t ,-)  ■  )  a  <«,)$  (t)  in  L2(T  x  fl)  . 
n  n 
n 

A  stochastic  integral  /  £* dW  is  defined  by 

N 

(1.1)  / C*dW  =  lim  J"  a  /$  (t)dW(t), 

T  N-*»  n=l  n  j  n 

2  , 

provided  the  limit  exists  in  L  (}<!)  and  does  not  depend  on  the  choice  of  a 

CONS  •  } . 

n 

This  is  a  very  attractive  definition  of  a  stochastic  integral  that  does  not 
require  any  special  kind  of  measurability  of  t,  and  the  parameter  set  can  be 
arbitrary. 


A  stochastic  integral  of  this  type  has  been  defined  and  studied  by  Balkan 

[1],  Kuo  and  Rusek  [6]  and  Ogawa  [8],  independently.  Ogawa  [8]  has  proven  that 

^-convergence  in  (1.1)  with  respect  to  the  trigonometric  basis  {(f^}  implies 

similar  convergence  to  the  same  limit  with  respect  to  Haar  basis.  Balkan  [1] 

2 

and  Kuo  and  Rusek  [6]  studied  the  case  when  £(t) ,  t  e  T  is  a  Wiener  L  -functional 

W 

of  W,  i.e.  for  every  t  £  T,  £(t)  is  F  =  a{W(A) :  A  e  Ag}-measurable.  Kuo  and 
Rusek  [6]  (cf.  also  [7])  using  Hida's  white  noise  analysis  studied  sufficient 
conditions  for  the  convergence  in  (1.1)  and  proved  that  under  certain  assump¬ 
tions  dW  can  be  evaluated  utilizing  the  Fisk-Stratonovich  procedure. 

Our  approach  is  based  on  some  classical  results  from  the  theory  of  nuclear 

2 

operators  on  Hilbert  spaces  and  on  the  Ito-Wiener  expansion  of  L  -Wiener  func¬ 
tionals.  In  Section  2,  we  establish  characterization  of  integral  operators  with 
a  summable  tmce,  which  is  basic  for  this  paper.  In  Section  3,  we  study  special 
cases  of  integrands.  We  show  that  if  is  a  Gaussian  process  subordinate  to  W, 
then  /C*dW  is  a  quadratic  form  in  independent  standard  normal  r.v.'s  as  it  was 
studied  by  Varberg  [10].  A  necessary  and  sufficient  condition  for  the  existence 
of  J £*dW  when  E,  lies  in  the  p-th  homogeneous  chaos  is  given  in  Theorem  3.3.  A 
general  sufficient  condition  for  the  integrability  of  E,  is  given  in  Theorem  4.1. 
In  Section  5,  we  investigate  the  relationship  between  f^E,*dW  and  the  Fisk- 
Stratonovich  integral.  Theorem  5.8  provides  sufficient  condition  for  the  exist¬ 
ence  and  equality  of  both  integrals.  This  condition,  which  is  given  in  terms 
of  appropriate  Sobolev-space  norms,  is  of  the  same  nature  as  the  one  presented 
in  [6],  but  differs  in  the  value  of  a  coefficient  ( (p  +  1)!  instead  of  p!  in 
[6]).  Theorem  5.9  gives  a  quite  simple  condition  which  guarantees  the  evalua¬ 
tion  of  Jq^* dW  as  a  limit  of  corresponding  Stiltjes  sums. 

Throughout  this  paper  the  following  notations  are  used: 


^  r-*  \  ~m  ■ 


i  r_-  -*  ■  -  -  »  v  r  \  m  w  _  »■  v  1 


P.VI 


S 


1.2 


2  k  2  k  ^  ^ 

L  (T  )  :=  L  (TK,  j®1A^. ,  j®1ra^. ) 


where  A.  =  A,  m.  =  m; 
J  J 


1(g)  =  /.../  gCs^...,  s  JdWCSj^)  . .  .dW(s  ) 


T  T 

v-  "T  — ' 

p-times 


2/tP\ . 


is  the  p-tuple  It6-i<fiener  integral  of  g  e  L^CT^) ;  when  (T,m)  is  the  unit  interval 
with  Lebesgue  measure,  then  dW  is  replaced  by  dB,  where  B(t) ,  t  s  [0,1]  is  a  stand¬ 
ard  Brownian  motion;  /g£(t)dB(t)  is  the  usual  Ito  integral  of  a  nonanticipating 
process  £(t),  t  e  [0,1];  /^£(t)odB(t)  denotes  the  Fisk-Stratonovich  integral 
(cf.  [4],  p.  101). 


2 .  Integral  operators  with  a  summable  trace 

2 

Let  H  be  a  real  separable  Hilbert  space,  and  k:  T  +  H  be  a  measurable 

2 

mapping  such  that  /  ^  ||k(s,t)|!  dm(s)dm(t)  <  00 .  Define  an  operator 

T 

K:L2(T)  L2(T;H)  by 

(2.1)  (Kef.)  (t)  =  /$(s)k(s,t)dm(s) ,  4>  e  L2(T)  . 

T 

2 

We  say  that  K  has  a  summable  trace  if  for  every  CONS  {<j>  }  c  L  (T)  the 
series 


(2.2)  l  J  (J>  (s)  k(s ,  t ) cf.  (t)dm(s)dm(t) 

n  n  n 


converges  in  H. 

Let  k  be  the  symmetrization  of  k,  i.e. 


k(s,t)  =  2  1{k(s,t)  +  k(t,s)}. 


s,t  «  T, 


and  let  K:L‘_(T)  -*■  L  (T;H)  be  the  corresponding  integral  operator  with  kernel  k. 
Note  that  K  has  a  summable  trace  if  and  only  if  K  possesses  this  property  and 
the  limit  in  (2.2)  is  the  same  if  k  is  replaced  by  k. 


Proposition  2.1.  An  opera  ter  K  given  by 


■n  ‘  •  if  for  h  •  H  ‘he  are  tutor  K.:L  (T) 

h 


i  1  has  a  summable  trace  if  and 
i.'cn  defined  by 


(kt  ;mu 


*"(T)  , 


J : (s)-  kt s , t) ,h>dm(sy , 


Proof .  Let  (<J)  }  be  a  CONS  in  L  (1)  and  put  h  =  /  2^  (s)k(s,t)4>n(t)dm(s)dm(t) 
n  n  n 

Assume  that  K  has  a  summable  trace.  Since  any  permutation  of  (<J)  }  is  also  a 

n 

2 

CONS  in  L  (T) ,  I  h  converges  unconditionally  in  H.  Hence  for  every  h  e  H 


(2.3)  El<Vn’V>l  =  ^<hn’h>l 


Since  is  also  a  selfadjoint  operator,  is  nuclear  (cf .  e.g.  [2],  Theorem 
3.4.3). 

Conversely,  assume  is  a  nuclear  operator  for  every  h  e  H.  Thus 
I  |<K^<(>  ,<()  >|  <  00  for  every  CONS  {0^}  in  L  (T)  ,  and  by  (2.3)  I^h^  converges 
weakly  unconditionally  in  H.  Since  H  is  weakly  complete,  ^nhn  converges 
strongly  in  H;  cf.  e.g.  [3],  II. 5. 

Corollary  2.2.  If  K  has  a  suimable  trace,  then  h  -*•  Trace (K^)  is  a  linear- 
functional  on  H  satisfying  the  equality 


<hg,h>  =  Trace  (K^) ,  h  e  H 


where  hQ  is  the  limit  of  the  series  (2.2)  for  some  (any)  CONS  { 4>n }  in  L  (T) 
hence  the  trace  of  K,  denoted  by  trk  and  given  by  the  series 


trk  :=  I  f  <p  (s)k(s,t)4>  (t)dm(s)dm(t) 


is  well-defined ,  i.e.  does  not  depend  on  the  choice  of  a  CONS  { <J>n }  in  L(T) . 


3.  Integration  in  some  special  cases 


A.  Integrals  of  subordinate  Gaussian  processes. 

Let 

(3.1)  C(t)  =  /f (s,t)dW(s)  =  I.(f(-,t)),  t  €  T, 

T  1 

2  2  2 

where  f  belongs  to  L  (T  ) .  Let  {<)>  }  be  a  CONS  in  L  (T)  and  consider  the  ortho- 

n 

2  2 

normal  expansion  of  f  in  L  (T  ) : 


f(s,t)  =  l  *  ♦_<s)4>  (t) , 

mn  m  n 

m,n 


and  the  i.i.d.  standard  normal  r.v.'s  X  *  fi>  (s)dW(s). 

n  ■'T  n 

Proposition  3.1.  Let  E,  be  given  by  (3.1).  Then  /  £* dW  exists  and 


/ C*dW  *  y  f  X  X  a.s. 

i,  mn  m  n 

T  m,n 


2  2 

provided  the  operator  F:L  (T)  -*  L  (T)  defined  by 


(F<j>)  (t)  =  /<{)(s)f  (s,t)dm(s) ,  <p  e  L2(T)  , 

T 

has  a  summable  trace. 

Note  that  in  this  case  /£* dW  coincides  with  the  double  stochastic  integral 
of  f  defined  by  Varberg  [10],  which  is  different  from  the  double  Ito-Wiener 
integral  I2(f). 

Proof .  Since  Z  f  =  trf  (cf.  Corollary  2.2),  the  series  Z  f  converges 
n  nn  n  nn  & 

unconditionally.  Therefore  nfmnXmXn  converSes  unconditionally  in  L 2(Q) 


(cf .  [ 10] ) ,  and 


m,n 


f  X  X  = 
on  m  n 


lim  l  (  l 
N-*»  n=l  m=l 


f  X  )X 
on  m  n 


N 

=  lim  y  (/C( t)0  (t)dm(t))X 
ti  n 

N-*«  n=l  T 

=  /£( t)*dw(t>.  n 

T 

1  2 

Example  3.2.  /B*dB  =  B  (l)/2. 

.  0  , 

Proof .  Indeed,  B(t)  =  /glD(s,t)dB(s) ,  where  D  =  {(s,t):  0  <  s  <  t  <  l}, 

and  F$  =  2  ^<1..  ,  1,<l)>lr_  ,,  is  nuclear  as  a  one-dimensional  projection,  where 
[0,1]’Y  [0,1]  K  J 

is  the  symmetrization  of  F.  Also 


f  +  f  =  2<F$  ,d>  > 
mn  run  m  n 


<1[0,l]’V<1[0,l]’<1)n>' 


Therefore,  by  Proposition  3.1 


1 

/B*dB  = 
0 


2"1lim 


l 


N-*00  m,n<N 


(f  +  f  )X  X 
mn  run  m  n 


N 

=  2_1lim(  l  <1  ,0  >X  )2  =  2_1B2(1) 

N->oo  n=l  n  n 


□ 


B.  Integrals  of  multiple  Ito-Wiener  integrals. 

Let 

(3.2)  C(t)  =  /  f(slt...,  s  .tJdWCsj^)  .  •  .dW(sp)  =  Ip(f(*,t)), 

TP 

t  <  T,  where  f  =  f(s,,...,  s  ,t)  belongs  to  L2(TP+1)  and  is  symmetric  in 

1  P 

. .  s  for  each  fixed  t.  We  have  for  every  t  t  T 


3.3 


IK(t)H%  -  p!||f(‘,t)|]J 

L~(H)  L  (TP+i) 


and 


II5I12: 


L  (T*fi) 


=  P!||f|l 


lV+V 


Since  for  a.e.  (s,t)  e  T2,  f(*,s,t)  e  L2(TP  ^) ,  the  mapping 
F:L2(T)  -*•  L2(T;L2(TP-1))  given  by 


(3.3)  (F0)(t)  =  /cj>(s)f  (•  ,s,t)dm(s) ,  (p  e  L2(T), 

T 

is  a  well-defined  linear  continuous  operator,  trf  will  stand  for  the  trace  of 
F,  provided  F  has  a  summable  trace  (cf.  Corollary  2.2).  Note  that  in  this  case 

2  n-l 

trf  is  an  element  of  L  (T  )  . 

Theorem  3.3.  Let  E,  be  given  by  (3.2).  Then  JT£*dW  exists  if  and  only  if 
the  operator  F  defined  by  (3.3)  has  a  summable  trace.  In  this  case 


A*dW  =  Ip+1(f)  +  plp.l(trf). 


Proof.  We  have 


a  =  /£(t)<f>  (t)dm(t) 
n  2  n 


=  /(/  f(s  ,...,  s  ,t)dW(s  )...dW(s  ))<!>  (t)dm(t) 
T  D  P  ^  P  ^ 

T 


1(8), 

P  n 


where  g  (s  , .  . .  ,  s  )  =  /  f(s ...... 

n  i  p  T  1 


s  ,t)(J>  (t)dm(t),  and  the  interchange  of  the 
p  n 


! 

3 

i 


multiple  Ito-Wiener  and  usual  integration  can  be  easily  verified  for  simple 
functions  and  extended  to  the  general  case  by  the  usual  approximation  argument 


By  Ito's  recurrence  formula  (cf.  [5],  Thm.  2.2)  we  get 


(3.4) 


{V"  -  :p  wv 


=  I  (g  ®  <p  )  +  pi  .(h), 
p+1  n  n  p-1  n 


where  (g  ®  <f>  )(t  ,...,  t  )  =  g  (t  ,...,  t  ) ( t  )  = 
n  n  i  p+1  n  1  p  n  p+1 

<f(t  ,...,  t  ,•),  <}>  (•)><!>  (t  )  and 

i  p  n  n  p+1 


Ws^...,  s  )  =  /  <j>n(s)f(s1,. .  . ,  s  ,s,t)$n(t)dm(s)dm(t). 


2  p+1 

We  observe  now  that  ®  4)n  converges  to  f  in  L  (TF  )  and  consequently 

2 

^n^p+l^n  *  ^n^  conver8es  to  Ip+^(f)  in  ^  (^)-  Therefore,  in  view  of  (3.4), 

f£*  dW  exists  if  and  only  if  E^h^  converges  in  L^(TP  ^)  for  every 
2 

CONS  }c  L  (T) ,  which  means  that  F  has  a  summable  trace.  Since  Eh  =  trf, 
n  n  n 


(3.4)  completes  the  theorem. 


□ 


Example  3.4. 


1  1  1 
/Hn(B(t),t)*dB(t)  =  ~  Hn+1(B(1),1)  +  |  /Hn_1(B(t),t)dt, 


where  H  (x,t)  is  the  Hermite  polynomial  of  degree  n  defined  by 
n 


ii  /  \  ,  ,n  x^/2t  3°  -x^/2t 

H  ( x , t )  -  (-t)  e  -  e  ,  t  >  0. 


3.6 


and,  since  a  multiple  Ito-Wiener  integral  can  be  expressed  by  usual  Ito 
integral  (cf.  [5],  Theorem  5.1), 


nl  (trf ) 
n-l 


nl  . (1  -  max{s, , . . . ,  s  .  }) 
n-l  1  n-I 


1  Sn-1  S2 


=2  n!  /  /  .../  (1  -  s  )dB(s  ) . . .dB(s  )dB(s  ) 

00  0  n-l  1  n-2  n-l 


,  1 

=  2  n(n  -  1) / ( 1  -  s  .  )H  „(B(s  )  ,s  )dB(s  ) 

n  n-l  n-2  n-l  n-l  n-l 


-  2  n/<l  “  s)dX(s), 

0 


where  X(s)  -  H^_1(B(s)  ,s)  =  (n  -  1)/qHo  (B(u)  ♦  u)dB(u)  .  Integrating  by  parts 
(note  that  sample  paths  of  X  are  continuous)  we  get 


1  ,  1 

/(I  -  s)dX(s)  =  (1  -  s)X(s)r  +  / X(s) ds , 


which  yields  nln_^(trf)  =  2  ^n/QX(s)ds,  and  completes  the  example. 

Example  3.5.  /qB^  "  t)*dB(t)  does  not  exist. 

Proof .  Indeed,  B(1  -  t)  =  /Jf (s ,t)dB(s) ,  where  f  is  a  symmetric  function 
2 

defined  on  [0,1]  by 


f(s,t)  = 


1  if  s  +  t  <  1 


0  otherwise. 


By  Theorem  3.3  and  Proposition  2.1  it  is  sufficient  to  show  that  F  =  F  is 

2 

not  a  nuclear  operator  on  L  [0,1],  where 


3. 


1  1-t 

(F(J>)(t)  =  /f  (s ,  t)0(s)  ds  =  /  4>  ( s)  ds . 

0  0 


Consider  the  sequences  { d)  }  and  {t+;  }  of  orthonormal  functions  in  L  [0,1] 

n  n 


and 


Then 


(t)  =  vl  cos(2unt),  n  >  1,  t  t  [0,1], 
n 


ip  (t)  =  <H  sin(27in(l  -  t)) 
n 


1  1-t 

y<F0  ,ip  >  =  l)  /(  /  cos(2TTns)ds)sin2iTn(l  -  t)dt 

n  n  n  n 

n  n  0  0 


v  1 

)  — . -  =  oo 

L  2irn 


which  shows  that  F  is  not  a  nuclear  operator. 


J 


\ 


I 

( 


4 .  Integration  of  general  Wiener  L  -functionals 
Throughout  this  section  we  shall  assume  that 


£  e  L2(T  x  ft, A  ®  FW,m  ®  P) . 


According  to  the  well-known  Ito-Wiener  theorem  which  says  that 


L2(fl,pw,p)  =  y  •  K  , 

p=0  P 


where  is  the  p-th  homogeneous  chaos,  we  may  decompose  C(t)  into  an  ortho¬ 
gonal  series 


£(t)  =  l  C  ( t) , 

P=0  p 

where  C  =  (C  (t) :  t  e  T}  c  K  and  Cn(t)  =  E£(t) .  S  ince  we  can  always  choose 
P  P  P  0 

2 

as  measurable  processes  belonging  to  L  (T  x  TO  we  also  have 

OO 

(4.1)  £  =  l  £  in  L2(T  x  fl). 

p=0  P 


Moreover,  each  C  »  P  -  1  can  be  represented  by  a  multiple  Ito-Wiener  integral 
P 


(4.2)  £  (t)  =  I  (f  (*,t)),  t  e  T 

P  P  P 

where  f  =  f  (s,,...,  s  ,t)  i  L2(TP+^)  is  symmetric  in  s,,...,  s  for  each 

p  p  1  p  1  p 

fixed  t.  We  set  f^(t)  =  E£(t)  and  as  usual  Iq(c)  =  c.  Further  f  will  denote 

the  symmetr izat ion  of  f  in  the  last  two  variables.  For  every  p  >  1  we  define 

P 


an  operator 


4.2 


by 


F  :  L2(T)  -»•  L2(T;  L2(TP_1)) 
P 


(Fp$)(t)  =  /<Ks)fp(-,s,t)dra(s),  e  L2(T). 


By  Proposition  2.L,  Fp  has  a  summable  trace  if  and  only  if  for  every 

h  i  L2(Tp  ^)  F  L2(T)  -*•  L2(T)  is  a  nuclear  operator,  where 

p,h 


(F  4>)(t)  =  /<M  s)<f  (*  ,s,t)  ,h(*)>dm(s) , 
P>h  ij.  P 


L2(T) 


We  define 


(4.3)  Q  Fp  Q  =  supdlFp^l^:  ||h||  <  1,  h  e  L2(TP_1)}, 


where  ||  A  ||  denotes  the  nuclear  norm  of  an  operator  A  (cf.  e.g.  [2],  p.  111). 

Note  that  (4.3)  always  makes  sense,  whether  or  not  F  has  a  summable  trace. 

P 

Clearly,  if  Q F ^ []  <  00 ,  then  Fp  has  a  summable  trace.  The  converse  is  also  true 
and  this  simply  follows  by  the  Closed  Graph  Theorem  applied  to  the  linear 
mapping  h  -*■  F  ,  .  Finally,  trf  will  stand  for  the  trace  of  F  ,  provided 

p,h  p  p 

OfpB  <  00 • 

Theorem  4.1.  Assume  that 


“  l|f^<T,  +  PL<P+iml|t^(T^,  +  B^21 


is  finite.  Then  /T^*dW  exists , 


(4.4) 


/C«dW  -  !,<£„)  +  +  pIp-l<trfp>1 


in  L  (U) 


and 


II/€*dWii  <  /ZA({f  }). 
T  L  (fi)  P 


Proof.  We  have 


(4.5) 


N 

£  /C4>  dm / 4>  dW 

n=l  T  n  T  0 


OO 


where 


N 

S  =  £  4>  dn/^  dW 

P.“  „il  t  p  "  T  n 


00  l 

and  the  series  I  _S  „  converges  in  L  (Q)  for  each  N  2  1. 
p=0  p,N 

By  Theorem  3.3  for  every  p  >  1 , 


(4.6) 


S  -*•  I  (f  )  +  pi  (trf  )  in  L  (ft)  as  N 
P  «N  p+1  p  p-i  p 


and  obviously  ^  -*■  I^(fg).  Using  (3.4)  we  have 


(4.7)  S  -  I  ,.(f  M)  +  pi  .(k  M) 

P.N  p+1  p,N  r  p-1  p,N 


where 


,nui . tP+i>  ■  . v),*«(-)>*»(Vi) 


p+1 


and 


k  (s . s  )  =  l  I  <p  (s)f  (s  ,...,  s  ,s,t)4>  (t)dn(s)dm(t) 

P.N  1  P-1  2  n  p  1  P_1  n 


t 


fence  ||f  Nll  ^  I!  fp  I!  and 


kp  =  SUp^<kp,N*h>  :  h  e  L  <tP  ) * 


sup{|[F  |iT  :  ||hH  <  1,  he  L2(TP_1)}  -  Q  F  J 


Therefore,  for  every  r  >  q  ^  1  and  N  a  1 


I  I  *,./  -  I!  ?  lVl(%.*)  + 

p-q  F  p=q 

s  2'l>  Vi<fP,N'l|2  +  2|l^pVi<V»)l12 

P=q  H  P=q 

<  2  I(p  +  l)!||f  N||2  +  2  l  PP!  ||  k  NH2 

p=q  p=q  v* 


<  2l  +  l) ! [ |! f  II 2  +  Jf  n  ], 

p=q 

which  shows  that  |!  S  ||  ,  -►  0  uniformly  in  N  as  q,r-«>.  Combining  thii 

p~q  P’N  LZ(n) 

(4.5)  and  (4.6)  Theorem  4.1  follows.  □ 

Proposition  4,2.  If  £  =  Ej=Q£p,  where  q  <  %  then  A({fp})  <  »  is  also  a 
necessary  condition  for  the  existence  of  /£* dW. 

2  W 

Proof.  Let  Qp  be  the  orthogonal  projection  of  L  (ft,F  ,P)  onto  Kp.  Using 
(4.5)  and  (4.7)  we  get  for  each  0  <  p  <  q 


Q  ( / £*dW)  =  limQ  (£  /£4>  dmf<p  dW) 

p  x  N-*°°  P  n=l  T  T 


=  lim  l  Qp(Sp  N> 
N-k»  p=0  P  P’ 


■  i1"IIP<Vi.«>  +  <p  +  1)ip<Vi.»)J 


4.5 


=  I  (f  ,)  +  (1  +  p)  lim  I  (k  . .  M). 

P  P'1  n-ko  P  P+i.N 

Therefore  {k  ,  converges  in  L2(TP)  for  any  orthononnal  basis  { <J>  }  c  L^(T)  . 

p+i , N  N— 1  n 

This  implies  that  has  a  summable  trace  and  [Jf  ^  0  <  U 

We  do  not  know  whether  or  not  A({f  })  <  00  is  necessary  for  the  existence 

P 

of  /£* dW  in  the  general  case.  Nevertheless  Theorem  4.1  gives  a  straightforward 
way  to  establish  the  integrability  of  £.  Clearly  the  basic  difficulty  is  in 
getting  an  upper  bound  for  [] .  We  now  use  certain  Sobolev-space  type  con¬ 
ditions  on  the  fp's  to  tipper  bound  []f^ [] . 

Theorem  4.3.  Let  T  =  [0,1]  and  m  be  Lebesyue  measure  on  T.  For  p  >  1 
and  a  >  0  we  define 


+  !  |u  -  v|  1  201  Iff  ( • , u)  -  f  ( *  ,v)  ll2^  dudv. 


ua<y  -  -  /2I“  -  »r1'2“iPp<-.«)  -  y-^'^p/ 


Assume  that  for  some  a  > 


U«‘tfp»  HiylY  +  £  (P  +  1>!Ua(V 

L  (T)  p=l 


is  finite.  Then  /ic*dB  exists,  (4.4)  holds  and 


ll/C*dB||  *  CU  <{f  }), 

0  P 


where  C  depends  only  on  a. 

~  2 

Proof.  Since  Ilf  ||  <  ||  f  ||  and  U  (f  )  <  «,  the  function 
-  "  p"  p  a  p 

[0,1]  >  t  ->  f  (*,t)  t  L2([0,l]p)  has  absolutely  convergent  Fourier  series, 
P 


in  L  ([0,1]F  ),  where  l  ||c 

ne  721  p ,  n 

Moreover 


P  <  °°;  c.f.  [9],  proof  of  Theorem  2 

L  ( [0.1]P) 


l  I! 

n  e7L 


p,n 


<  CU  (f  ), 
a  p'  ’ 


where  C  depends  only  on  a.  Put  Xn(t)  =  e2TT^nt. 

Let  h  £  L  ( [ 0 , 1  ] P  )  and  let  { 4)  }  and  {ii»  }  be 

n  Tn 

2 

mal  functions  in  L  [0,1].  We  have 


two  sequences  of  orthonor- 


J.  i 

Il<Fn  -1  *  ^  i >  '  -  £  H/<Cn  nC“»s)»^C*>>(^.(s)clst  i/x  (t)l^  .  (t)dt 

j  P’  3  3  njO  P,n  3  0  n  3 

1  I  1 

s  I<Il7<cD  n(-,s),h(.)>^(s)ds|2)2(^|/x  (t).  (t)dt|2) 
n  j  0  P,n  3  JO"  3 


1 

2,2 


1  2  1 
‘  7/!<cp>n(*’s)«h(,)>l  ds) 


s  IIU^JIIIMI  s  cua(fp)||h||. 


Hence  ||F  ||  s  CU  (f  )|(h||  which  yields  l]F  Q  <C U  (f  ).  Therefore 

p,ni  up  wpw  a  p 

2  2  2 

A  (if  })  s  (C  +  1)U  ( { f  })  and  Theorem  4.1  completes  the  proof.  Q 

P  P 

A  sufficient  condition  for  the  integrability  of  £,  stronger  than  that  of 
Theorem  4.3,  can  be  written  in  terms  of  the  covariance  functions  of  the  compo¬ 
nent  processes  {£  }. 


Theorem  4.4. 


Let  T  =  [0,1]  and  m  be  Lebesgue  measure  on  T.  If  for  some 


4.7 


2  “  o  E|C  (u)  -C  (v)T 

Na(C)  :=  IICqH  2  +  ?  P^IKpil  2  +  - - - dudv} 

“  0  L  (T)  p=l  P  l/(T*Q)  t2  |u-v|1+2a 

finite ,  then  f^*dB  exists ,  (4.4)  holds  and 


II  j€*dB||  ^  CN  (£), 
0 


where  C  devends  c-r.'  ■  -r <. 


Proof.  Since 


HOI 


,  E  c,  (u)  -  f  (v) 

||2  +  [  —  -E - - E - - 

p  ,  2 ,  J„  ,  i  l+2a 

w  L  (T‘Q)  2  u-v 


’  * { 1 1  1 1 2  2 .  p+i,  +  /2IU"V! 

"  L  (Th  )  T 


^  ^ X 1 1  f  (  ♦,  u )  -  f  f‘,v)||2„  dudv  } 

P  P  l2(tp) 


<F  4),lp>|  --  2  1(|<F  +  |  <F 

p ,  h  p ,  h  p ,  n 


where  F  ,  is  defined  similarly  to  F  ,  with  f  replaced  bv  f  ,  the  inequality 
p,h  p,h  p  p 

A({f  ))  <  Const  N  (i)  follows  by  the  same  arguments  as  those  used  in  the  proof 
P  & 

of  Theorem  4.3. 


5.  Evaluation  of  the  integral  by  the  Fisk-Stratonovich  procedure 
Throughout  this  section  (T,m)  will  be  the  unit  interval  with  Lebesgue 


measure . 


Let  £(t),  t  >:  [0,1]  be  a  stochastic  process.  We  say  that  a  (generalized) 
Fisk-Stratonovich  integral  of  z,  exists  if 


(5.1) 


n  i 


:=  'L  2  "[£(  t.  .)  +  C(t  )  ]  [B(t  )  -  B(t  )] 
j=l  J  J  J 


converges  in  probability  as  mesh  (tt )  ->  0,  where  tt  runs  over  all  finite  parti¬ 
tions  0  =  t_  <  t.  <• . .<  t  =  1  (n  e  K)  of  [0,1],  and  we  write 
U  i  n 


/£(t)°dB(t)  =  lim  S  . 

0  mesh(u)-K)  11 

Note  that  we  do  not  require  in  this  definition  any  kind  of  measurability  of  £ . 

In  this  section  we  shall  study  the  relationship  between  Jq*dB  and  JV°d B. 
Let  £  be  given  by  (4.1)  and  (4.2).  Put  D+  =  {(s,t):  0<s<tll}  and 
D_  =  f(s,t):  0  "  t  <  s  <  1 } .  Define  (fp,  respectively)  as  the  restriction  of 
the  function 


[0, l]2  ,  (s,t)  -  fp(*,s,t)  e  !2([0,1]P_1) 


to  D+  (D  ,  respectively). 

Proposition  5.1.  Let  £  =  ,  q  <  be  a  mean-sauare  continuous  sto- 

p=0  p 

fhasiic  process.  Assume  that  for  even  1  <  p  <  q  the  functions  f+  and  f  are 

P  P 

continuous  and  possess  the  extensions  (also  denoted  by  f+  and  f  ,  respective iu  ) 
to  jontd'  >ous  functions  fro (D  ,  resvectively)  into  L^ ( [ 0 , 1  ] p  ).  Then 
fi-£(t)«dB(t)  exists  an: 


V,  s  ' 


5.2 


/S(c)°dB(t>  -  Il(f0)  ♦  ?[Ip+1(fp)  +Plp.1(8p)]. 


P-J-  P 


—  1  ^  “  4- 

(•)  =  2  /[ f  (*,s,s)  +  f  ( • , s ,s) ]ds . 


Proof .  Clearly  we  may  assume  that  =  where  O^p^q.  The  case  p  =  0 

is  obvious.  Let  p>l  and  let  tt  =  { t  , . . . ,  t  !  be  a  partition  of  [0,1].  Using 

vj  n 

/\ 

Ito  s  recurrence  formula  we  get 


s- '  JI12'1[CPUj-i)  +  WHB(V  ‘  B<Yi)] 


(  5.2) 


=  l  I(  2_1[f  (- , t  )  +  f  («,t  )])I  (lf  ,) 

j=l  P  P  J-1  P  J  1  L t j _i » c j  J 


where 


-  WYP  +  pIp-i(8p,P 


n  -i 

:  (*,t)  =  l  2  L[t  (*,t.  .)  +  f  (*,t  )]1  (t) 

P  TT  P  1-1  P  1  It.  ,,t. 

J=1  J-l  j 


n  t 


,(•>  ■  2  y  /J  +  £p<',>,lJ 

J-1  Vl 


)  ]ds. 


2  2  p-- 1 

Since  the  mapping  [0,1]  3  (s,t)  -*■  fp(*,s,t)  e  L  ( [  0 , 1 J P  )  is  continuous 

and  uniformly  bounded  on  D+uD  ,  the  mapping  [0,1]  *  l  +  f^(*,t)  •.  L  ([0,1]^) 

is  continuous.  Hence  f  f  in  L  ([0,1]^  )  •'  mesh  (tt)  ►  0 .  By  the 

p,  f  p 

_  _  _  2  p  “  1 

continuity  of  f  and  f  on  D,  and  D  ,  respectively,  g  >  g  in  L  ([0,1]  ) 

p  p  +  -  p ,  1  p 

as  mesh  (n)  0.  1 


•  .v  .  . 


5.3 


'exposition  3- 


(  t)*dB(  l 


osc  *h !  it  c,  satisfies  the  assumptions  of  Proposition 
■*.  '."hen 


I  1 

Jr(t)*dB(t)  =  /:,(t)odB(t ) . 

o  o 


P  ox'.  We  have  for  a.e.  (s,t)  e  [0,1] ‘ 


f  ( • ,  s ,  t )  =  ,sAt,svt)  +  f  (• ,svt ,sAt) ] , 

P  2  p  p 


and  the  function  on  the  right-hand  side  of  (5.3)  is  continuous  in  (s,t)  e  [0,1] 

By  Proposition  4.2  for  every  h  e  L2([0,1]P_1)  F  is  a  nuclear  operator  on 

p ,  n 

l.*" [ 0 , 1  ] .  Hence  for  every  h  e  L2([0,1]P 

<trf  ,h>  =  Trace  (F  ) 

P  P.h 

1  ,  + 

=  /  2  <f  ( * , s , s)  +  f  (• ,s,s) ,h(-)>ds 

0  P  P 

=  <gp,h> 

(cf.  e.g.  Theorem  3.4.4  [2]).  Proposition  5.1  and  Theorem  4.1  complete  the 
proof.  G 

Example  5.3.  In  Example  3.4  we  showed  that  /^H^(B(t) , t)*dB(t)  exists  and 

we  evaluated  he  integral.  Since  in  this  case  the  assumptions  of  Proposition  5.1 

are  satisfied.  Proposition  5. 2  provides  an  alternative  way  of  evaluation  of 

.1 

J^H  (B(t)  ,t)*dB(t)  .  Using  Proposit ion  5 . 2  and  Theorem  1 . 1 ,  Chap .  Ill  in  [4 ]  we  get 

1  1 
/ H  (B(t),t)*dB(t)  =  /H  (B(t)  ,t)°dB(t) 

0  n  0  n 

1  1  1 

=  /H  (B(t),t)dB(t)  +  „  / d< H  (B(s) , s) ,B(s) • 

0  "  2  0  " 


5 . 4 


Remark  5.4.  The  assumptions  of  Proposition  5.1  do  not  guarantee  the 

existence  of  Jr* dB.  Indeed,  it  is  well-known  that  there  exists  a  continuous 

2 

symmetric  kernel  k : [0,1]  ->  H  such  that  the  corresponding  integral  operator 

is  not  nuclear  (cf.  e.g.  [2],  p.  124).  Put  f,(t)  =  J^ k(s,  t)dB(s)  .  Then  the 
assumptions  of  Proposition  5.1  are  satisfied,  but  by  Theorem  3.3  ft,* dB  does 
not  exist. 


Below  are  given  simple  examples  of  Gaussian  processes  for  which  the 
Fisk-Stratonovich  integral  exists  while  the  series  expansion  (1.1)  fails  to 
converge . 

Example  5.5.  / Jb(1  -  t )  °dB(  t)  =  B2  (|)  +  2 /J  B(l-t)dB(t),  but 

l  2 
/  B(1  -  t)*dB(t)  does  not  exist  (cf.  Example  3.5). 

Proof .  Indeed,  it  is  easy  to  check  that 


-1. 


y  2  ‘(B(l  -  t  )  +  B(1  -  t.)][B(t.)  -  B( t .  ,)] 
-  J_1  J  J  J-l 


j  =  l 


B 2(b  +  /b(1  -  t)dB(l) 
1 


and 


n  1  1 
l  d'^Bd-t.  )+B(l-t.)](B(t.)-B(t.  )]  -*>  Jb(1  -  t)dB(t) 

j=j0+l  J  3  3  I 

u  2 


in  L  (P.)  as  mesh(TT)  v  o,  where  rr  =  {t_,...,  t  }  is  a  partition  of  [0,1]  and 

U  n 

j0  =  maxi  j  :  L  .  <  . 


Example  5.6.  Let  (,(t),  tt  [0,1]  be  a  non-anticipating  stochastic  process 


given  bv 


(o 


if  o  <  t 


which  completes  the  example. 


Intuitively  speaking,  the  existence  of  the  Fisk-Stratonovich  integral  re¬ 
quires  some  kind  of  continuity  of  the  process  £  while  conditions  for  /^C*dB 
are  of  a  different  nature.  Hence  it  is  also  easy  to  give  an  example  of  a  pro¬ 
cess  E,  for  which,  conversely,  dB  exists  but  /C°dB  does  not  exist. 

Example  5.7.  Let  A  be  a  dense  Borel  subset  of  [0,1]  such  that 
0  <  m(A)  <  1 .  Put  i]j(t)  =  lA(t)  ,  f(s,t)=  (Ks)iKt)  and  £  ( t)  =  J^f  (s ,  t)dB(s)  = 
(/^4;dB)ip(t)  .  Clearly  F<{)  =  F<J>  =  <ip  <p>ijj  is  nuclear,  while  =  0  if 
it  =  {tg,...,  t^}  c  [0,1]\A  and  =  (/^dB) 3(1)  if  tt  c  A,  where  is  defined 
by  (5.1).  Therefore  /C°dB  does  not  exist. 

Proposition  5.2  shows  the  equality  of  both  integrals  /C° dB  and  f£* dB 
under  certain  additional  assumptions.  This  is  an  open  question  if  the  exist¬ 
ence  of  both  integrals  suffices  for  their  equality. 

Examples  5.5  and  5.6  indicate  that  the  existence  of  the  series  expansion 
(1.1)  is  a  quite  strong  property  of  the  process  i .  Below  are  given  certain 
Sobolev-space  type  conditions,  similar  to  those  proposed  by  Kuo  and  Rusek  [6], 
which  imply  the  existence  and  equality  of  both  integrals,  /£ odB  and  /£* dB. 

Since  the  proof  in  [6]  seems  to  contain  some  gaps  and  the  final  condition  differs  from 
ours  in  the  value  of  a  coefficient  (p!  instead  of  (p  +  1)!),  we  present  a  com¬ 
plete  proof  of  this  result.  Moreover  our  proof  does  not  use  the  theory  of 
Sobolev  spaces,  which  makes  it  more  elementary. 

In  what  follows  below 


f  (s.,...,s  ,t)  =  f  (s,,...,s  * , s  At,s  vt) 

pi  p  pi  p-1  p  p 


f  (s  ,...,S  ,t)  =  f  (s  ,...,s  ,S  Vt,S  At), 
pi  p  pi  p-1  p  p 


5.7 


Theorem  5.8.  Let  t,  be  given  by  (4.2)  and  (4.2),  where  is  continuous. 
Assume  that  for  some  a  > 


M  ({f  })  = 

a  P 


'^<T,  +pL<P  +  1,!IU“CfP>+U“<£P)1 


is  finite, 
and  J^*dB 


where  U^(*) 
ot 

exist,  they 


is  defined  in  Theorem  4.3.  Then  both  integrals  /g£°dB 
are  equal  a.s.  and  (4.4)  holds.  Moreover, 


!l  /^*dB  || 

0  L  (Q) 


s  CMa({fp})* 


where  C  depenas  only  on  a. 

Proof.  Since  f  +  f+  =  2f  and  f  1  ..  +  f+l  ,  =  f  ,  we  get 

-  P  P  P  P  tp~'LxD  P  xp-1xD  P 

U2(f  )  <  4l^(f+)  +  ^(f  )]•  In  view  of  Theorem  4.3  f£*dB  exists.  Using 
otv  p  2L  a  p  a  p  J  & 

the  same  argument  as  in  the  proof  of  Theorem  4.3  we  have 


(5.4) 


-  l  <  (*)Xn(t) 

P  n  €2  P,n  n 


in  L“  ( [0, 1] p+1)  where  X  (t)  =  exp(i2Trnt)  and  £  lie  II  ~  <  CU  (f  )  .  A 

n  n"  p,n  l2(TP)  a  p 

similar  expansion  we  have  for  f+  with  c  replaced  by  c+  in  (5.4). 

P  p,n  p,n 

Let  tt  =  (tp,...,  t  }  be  a  partition  of  [0,1].  We  have 


00 


in  L  (SI) 


» 


where  S 

P,7: 


is  defined  by  (5.1)  with  E  replaced  by  E,  . 


Using  (5.2)  and  (5.4) 


we  get 


WJ 


p+1  P,TI  r  P-1  p » TT 


where 


\L<."<^L2'llV-+D(--t-i)x"(t-i)+T-kD+('-^)x»(t^,u< 
j  +  + 


=  y  c~  (’)4>~  (*,t>  +  i  c+  (•)^+ 

rn  -it'  l  p,n  n,TT 


p,n  n,7T 


."<81 . Vl’  ’  2  ‘„L  iCP."<Sl . Vl’^n.x 


(s)ds 


+  2~\L  . Vi,s))C(s,ds' 


Her“  x!,„(t)  ■  Xn(tj-1)  and  Xn,tr(t>  "  Xn(tj)  “  '  6  k 

Since  U~  |  *  1  and  U+  |  <  1  we  obtain 

1  n  TT  '  r>  7T 


l  m 


f  I!  <  y ( lie-  1!  0  +  11  c+  H  0  )  <  ctu  (f+)  +  u  (f-) ] 

p-”1  V2^1)  „ "  p-n v<tp>  p-jil2(t»)  a  p  “  p 


and  by  Schwartz  inequality 


'."llL2«p-1,S2'1nLliiCp-('’S>X"'P<S>dS"L2<Tp-1) 
s  2'1  l  <K  .11  ,  .  +  lie!  Jl  ,  „  > 


Therefore 


SC2  nyy  +  VV>- 


II  l  *  if  *  211 1  y^yll2  +  2||  i 

p=q  p=q  K  P=q 


5  2  l  <P  -  Ditllf  J!2  +  lls  Jl2) 
p~q  v 


<  3C2  l  (P  +  l)![U2(f+)  +  U*(f  )]  -  0 

p=q  p  ' 


as  p , q  00 ,  uniformly  in  all  finite  partitions  it  of  [0,1]. 

To  complete  the  proof  it  is  enough  to  show  that  for  each  p  2  1, 

2 

S  _  I  , .  (f  )  +  pi  .(trf  )  in  L  (Q)  as  mesh  (it)  •>  0.  To  this  end  we  shall 

p.-n  p+1  p  K  p-1  p 

show  that  Ilf  -  f  II  ->■  0  and  II  g  -  trf  II  -*■  0  as  mesh  (tt)  -+  0. 

1  P,77  P  "  P,77  P11 

Using  (5.4)  we  have 


Ilf 


P-"  '  ^lV*1)  "  ne2Z " CP'n^n»71  '  V-l»D 


+  nL  lkP."W".”  '  V-1«DiX">llL2(TP+1) 


as  mesh  (tt) 
Since 


0  by  the  Dominated  Convergence  Theorem. 


trf  =  trf  =  2  'Ltrf~  +  2~^trf+ 
P  P  P  P 


and  both  f  and  f  are  symmetric  in  the  last  two  variables  we  obtain 
P  P 


trf  =  l  /9X(s)f"(*,s,t)x  (t)dsdt 
n  n  d  n 


ru:  7L  T 


=  l  /c  (*,s)x  (s)ds, 
neZ  0  P,n  n 


5.10 


where  a  denotes  the  complex  conjugate  to  a.  A  similar  expression  we  obtain 
for  trf+. 


F inally 


g  -  trf 
'  P»* 


pH  2  p-1  ~  ^  ^  ^Cp  n^*,S^^n  tt ^ s ^  ~  X  (s))ds||  2  p-1 

P  L  (TP  )  neZ  0  P,n  n*  n  L  (TP  ) 

+  2'1  l  ||  /<:£  ( * » s)  (X^  (s)  -  Xn(s))ds|| 

n e2  0  p,n  n’  n  L  (TP  ) 


S  2  1  l  H  c~  Jl 


X„  „  ~  X„ 


p’n  l2(tp)  n’*  n  ’2 


L  (T) 


+  2_1 1  iic;  H  nx;  -  x  ii  2  -  o 

n z7L  P,n  L  (TP)  L  (T) 


as  mesh  (ti)  +  0  by  the  Dominated  Convergence  Theorem.  The  proof  of  Theorem 
5.8  is  complete.  □ 


It  occurs  that  a  simple  condition  Na(C)  <  °°,  for  some  a  >  given  in 
Theorem  4.4  implies  not  only  the  existence  of  /£* dB  but  also  the  integrability 
of  £  in  the  Stieltjes  sense. 


Theorem  5.9.  Assume  that  for  some  at  •  — ,  N^(F)  <  cJhere  N^(I)  is  de¬ 
fined  in  Theorem  4.4.  Then  for  every  partition  it  =  {t^,...,  t^}  of  [0,1] 


and  any  choice  t*  e  [t  ^t  ],  j  =  1  *  — .  k» 


r\. 

s*  =  l  £(t*)[B(t  )  -  B(t  ) ] 
j  =  l  J  J  J 

converges  to  f^*dB  as  mesh(Tt)  ->  0. 


Proof .  By  (4.8),  t  •>  f  (*,t)  has  absolutely  convergent  Fourier  series, 

i.e.  f  can  be  presented  in  the  form  similar  to  (5.4).  Starting  from  this 
P 

representation  and  following  essentially  all  the  steps  in  the  proof  of 
Theorem  5.8  we  complete  the  proof  of  Theorem  5.9.  0 


•  ■  V-  *  *  *  i  *  »  *  •  *  •  * 

m*.  -  n  .A  «  . 


-v-“ 


;•  av  •-  ,>  „'.V- . 

•  ■ v 
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